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a b s t r a c t
In a recent paper, Zografos [K. Zografos, On Mardia’s and Song’s measures of kurtosis
in elliptical distributions, J. Multivariate Anal. 99 (2008) 858–879] has obtained general
formulas for Song’s measure for the elliptic family of distributions, and he introduced and
studied its sample analogue. In this paper, based on the empirical estimator of thismeasure,
we present a test to verify if the data are distributed according to a specific elliptical
(spherical) distribution. In this context, the asymptotic distribution of the proposed statistic
under the null hypothesis of specific spherical distributions is obtained. The proposed
statistic also provides us with a procedure for testing multivariate normality. In order to
evaluate the convergence of the proposed statistic to its limiting distribution, under the
null hypothesis, a simulation study is performed to analyze the behavior of the percentiles
of the proposed statistic in some special cases of spherical distributions.Moreover, aMonte
Carlo study is carried out on the performance of the test statistic as a necessary test of fit
of specific spherical distributions. In this framework, the type I error rates as well as the
power of the test are studied. Finally, a well-known data set is used to illustrate themethod
developed in this paper.
© 2011 Elsevier Inc. All rights reserved.
1. Introduction
The role of the multivariate normal distribution is seminal in probability theory and statistics. However, many
statistical papers and empirical studies show that the normal distribution is not capable of exhibiting important properties
encountered in finance and economics, among other research areas. For instance, owing to their light tails, normal
distributions fail to formulate observations of rates of return on common stock (see [5]). To tackle the insufficiencies of
normal distributions, there has been intense research in the use of non-normal distributions. In this respect, researchers
have focused on the broader class of elliptic distributions during the last decades. In particular, this generalized family of
multivariate distributions includes among others, as particular cases, the multivariate normal distribution, multivariate
t-distribution, Pearson type II and type VII distributions, and the multivariate symmetric Kotz-type distribution. For
comprehensive monographs on elliptically contoured distributions, we refer to the work of Fang and Zhang [11], Fang et al.
[12] and Gupta and Varga [15].
Due to the importance of spherical and elliptical distributions in modeling real data, several tests have been proposed
in the literature of the subject that help to decide if a data set comes from a distribution which belongs to the broad family
of elliptical (spherical) distributions (see, for instance, [4,23,18,22,26] and the references therein). Based on these tests, if
the hypothesis of elliptical symmetry could not be rejected, then there is the necessity of a testing procedure that gives to
the researcher the opportunity to decide if a data set does or does not come from a specific member of the elliptic family
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of multivariate distributions. This is the main aim of the present paper: to propose a procedure that helps to decide if there
is evidence of departure from a specific elliptic or spherical distribution (say, multivariate t , normal, Pearson type II, etc.).
There is also an available literature to meet this last problem, but only for testing multivariate normality, to the best of our
knowledge. In this paper, we propose a procedure, which is based on Song’s [28] measure, for testing if a data set comes
from a specific member of the spherical (elliptical) family of multivariate distributions.
Recently, a general measure of the shape of a distribution was defined and studied by Song [28]. According to Song [28],
this measure plays a similar role to the kurtosis measure in comparing the shapes of various (univariate or multivariate)
densities and measuring the heaviness of tails. Song’s measure and its sample analogue have been further investigated
and studied in a recent paper by Zografos [29]. Zografos [29] paper provides a comparative study of Song’s measure and
Mardia’s measure of multivariate kurtosis when both are applied to specific members of the elliptic family of multivariate
distributions. Explicit expressions are derived for Mardia’s and Song’s measures of the broad family of the elliptically
contoured symmetric distributions and also for specific members of this family. Moreover, the comparative study of the
measures shows that Song’smeasure ismore sensitive on the tails of a distributionwhileMardia’smeasure ismore sensitive
in the center. Hence, bothmeasures provide useful information about the shape of a multivariate distribution and they have
to be used complementarily, in practice.
Interest in Song’s measure is still present today. Recently, Balakrishnan and Scarpa [2] presented a similar work to
that of Zografos [29] by comparing different multivariate skewness measures for the skew normal family. In this context,
Balakrishnan and Scarpa [2] derived an approximation of Song’s measure by the use of the delta method, performed a
comparative study of the different measures, and studied their use in testing for multivariate normality against skew
normality. In this paper, motivated by the work of Henze and his colleagues for testing the null hypothesis of multivariate
normality (see [3,16,17]), using ideas in [29], and in particular using as a test statistic the empirical version of Song’smeasure,
obtained by Zografos [29], a new necessary test is proposed which verifies if a data set is sampled from a specific (i.e., t-
distribution, Pearson’s type II and VII multivariate distributions, etc.) spherical (elliptical) distribution. The terminology
‘‘necessary test’’ has exactly the same meaning as in [13,11], or [22]. That is, smaller (e.g. less than 5%) p-values of the tests
indicate evidence of departure from the specific spherical (elliptical) distribution, while larger p-values imply insufficient
information to draw a statistical conclusion on the null hypothesis from the sampled data. This point will be clarified later.
The rest of the paper is organized as follows. In Section 2, a brief review on elliptically contoured distributions and Song’s
measure is given. In Section 3, the procedure for testing if the data are sampled froma specific spherical distribution, based on
an empirical estimator of Song’s measure, is presented. In Section 4, a simulation analysis is carried out in order to evaluate
the convergence of the proposed statistic to its limiting distribution under the null hypothesis. Moreover, the empirical
results of a Monte Carlo study regarding the performance of the test statistic are presented. In this context, a Monte Carlo
study is carried out to demonstrate the performance of the proposed test statistic on controlling type I error rates and power.
In Section 5, the method developed in this paper is illustrated by means of a well-known data set. Detailed calculations of
the test statistic for some special cases of spherical distributions, together with the proof of the main theoretical result of
this paper, are given in the Appendix.
2. Preliminaries
In this section, some preliminary concepts are reported. These are related to the elliptic family of distributions and Song’s
measure. Consider a p-dimensional random vector X from an elliptically contoured distribution with unknown location
parameterµ ∈ Rp and unknown scalematrixΣ , withΣ a positive definitematrix of order p. Then, the elliptically contoured
distributed random vector X has a density, if it exists, of the form
Cp|Σ |−1/2g[(x− µ)tΣ−1(x− µ)], (1)
where g is a one-dimensional real valued function and Cp is a normalizing constant. We shall write X ∼ ECp(µ,Σ, g), and
call g(·) the probability density function generator (p.d.f. generator). The members of the subclass of distributions obtained
from the family of elliptical distributions when µ = 0p and Σ = Ip are known as spherical distributions. The notation 0p
and Ip is used to denote the p-dimensional vector with zero elements and the identity matrix of order p, respectively. In this
case, we write X ∼ Sp(g).
Alternatively, based on the stochastic representation theorem (see [6]), the p-dimensional random vector X follows an
elliptical distribution with location vector µ and scale matrix Σ if and only if X d=µ + R1/2BU (p), where U (p) is a random
vector, which is uniformly distributed on the unit hypersphere, R1/2 is a positive random variable independent of U (p), and
B is a p × p matrix such that BBt = Σ . The symbol d= is used to denote that the random quantity on the left has the same
distribution as the random quantity on the right. Moreover, the density of the random variable R = (X − µ)t Σ−1 (X − µ)
is given, according to [19, p. 108], by the following relation:
g∗ (w) = π
p/2Cp
Γ (p/2)
wp/2−1g(w), w > 0. (2)
The family of elliptically contoured distributions includes, as particular cases, the multivariate normal distribution,
multivariate t-distribution, Pearson type II and type VII distribution, and themultivariate symmetric Kotz-type distribution.
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Table 1
Normalizing constant and the p.d.f. generator of specific elliptic distributions.
Distribution Cp g(u), u = (x− µ)tΣ−1(x− µ)
Normal, Np (2π)−
p
2 exp(− u2 ), u ≥ 0
Pearson II,MPIIp
π
− p2 Γ ( p2+m+1)
Γ (m+1) (1− u)m , 0 ≤ u ≤ 1,m > −1
Pearson VII,MPVIIp π
− p2 Γ (N)
Γ (N− p2 )
(1+ u)−N , u ≥ 0, N > p2
t,Mtp
(πν)
− p2 Γ

p+ν
2

Γ ( ν2 )

1+ u
ν
− p+ν2 , u ≥ 0, ν > 0
Kotz, Kzp
sΓ ( p2 )r
2m+p−2
2s
π
p
2 Γ

2m+p−2
2s
 um−1e−rus , r, s > 0, 2m+ p > 2
Power exponential sΓ (
p
2 )0.5
p
2s
π
p
2 Γ ( p2s )
e−0.5us , r, s > 0
Original Kotz Γ (
p
2 )r
2m+p−2
2
π
p
2 Γ

2m+p−2
2
 um−1e−ru, r > 0, 2m+ p > 2
Generalized Laplace λΓ (
p
2 )
2π
p
2 Γ ( pλ )
e−u
λ
2 , s > 0
Table 2
Density of R for specific elliptic distributions.
Distribution Density g∗ of R
Normal χ2p
Pearson II Beta(p/2,m+ 1)
Pearson VII Γ (N)
Γ (p/2)Γ (N−p/2)w
p/2−1(1+ w)−N
t ν
−p/2
B(p/2,ν/2)w
p/2−1 1+ w
ν
−(p+ν)/2
Kotz sr
(2m+p−2)/2s
Γ ((2m+p−2)/(2s))w
m+p/2−2 exp (−rws)
Power exponential 0.5
p/2ss
Γ (p/(2s))w
p/2 exp (−0.5ws)
Original Kotz r
(2m+p−2)/2
Γ ((2m+p−2)/2)w
m+p/2−2 exp (−rw)
Generalized Laplace λ2Γ (p/λ)w
p/2 exp

−w λ2

Since these specific distributions will be used in what follows, Table 1 includes the normalizing constants and the p.d.f.
generator corresponding to each of them. Table 2 formulates the density g∗ of the random variable, R, of the stochastic
representation of X ∼ ECp(µ,Σ, g). Special cases of themultivariate symmetric Kotz distribution are included in the tables.
In particular, the multivariate power exponential distribution, introduced by de Simoni [9] for p = 2, the original Kotz
distribution introduced by Kotz [21], and the multivariate generalized Laplace distribution with parameter λ (see [10,18])
are special cases of multivariate symmetric Kotz distribution obtained for m = 1 and r = 1/2, for s = 1, and for s = λ/2,
m = 1 and r = 1, respectively.
Remark 1. In the case of amultivariate t-distributionwith ν degrees of freedom, it is easy to prove that the random variable
R/ν is distributed according to a beta type II distribution with parameters p/2 and ν/2 and density
g∗1 (r) =
1
B(p/2, ν/2)
rp/2−1(1+ r)−(ν+p)/2, r > 0. (3)
Taking into account the results shown in Table 2, we conclude that (3) is a special case of the density of R in the case of the
multivariate Pearson type VII distribution obtained for N = ν+p2 .
A number of descriptives measures for the shape of multivariate distributions have been proposed in the literature.
Among them, two well-known measures are Mardia’s measure of kurtosis and Song’s measure of shape. Mardia’s measure
of multivariate kurtosis is a well-known measure of kurtosis, and it plays a significant role in statistics. A general measure
of the shape of a distribution was defined and studied by Song [28] and recently by Zografos [29] in the frame of elliptic
distributions. Mardia’s and Song’s measures are location and scale invariant. Moreover, it was observed that Mardia’s
measure does not always exist. In contrast to this, Song’s measure exists for the values of the parameters for which the
specific elliptic models are defined. Motivated by those conclusions, wewill concentrate in what follows on Song’s measure,
and based on an empirical estimator of it we will develop, in the next section, an asymptotic test to verify if a data set is
sampling from a specific spherical (elliptical) distribution. Before proceeding to the next section, we give the definition of
Song’s measure.
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Consider a p-dimensional random vector X = X1, . . . , Xpt , which is described by the elliptic distribution ECp (µ,Σ, g),
with joint density, given by relation (1). Based on Proposition 3 of [29], Song’s measure is given, for the broad family of
elliptic distributions, from the following relation:
S(f ) = π
p/2Cp
Γ (p/2)
 ∞
0
ωp/2−1g(ω) (log(g(ω)))2 dω −

πp/2Cp
Γ (p/2)
 ∞
0
ωp/2−1g(ω) log(g(ω))dω
2
,
or, equivalently, taking into account the density g∗ of the random variable R, given in (2),
S(f ) = Varg∗ (log (g(R))) . (4)
Inwhat follows,wewill develop an asymptotic necessary test for testing the hypothesis that a sample of sizen,X1, . . . , Xn,
comes from a spherical distribution Sp(g)with specific p.d.f. generator g . This procedure can be also used to test if a random
sample comes from a specific elliptical distribution ECp(µ,Σ, g), with unknown location and scale parameters, µ and Σ ,
respectively, and specified p.d.f. generator g . The procedure will be described, in detail, in Remark 2 at the end of Section 3.
3. A necessary test of fit for specific spherical distributions
The aim of this section is to propose a test for verifyingwhether a data set is sampled from a specific spherical distribution
in the light of tests for multinormality which are based on Mardia’s measure of kurtosis. These tests have been introduced
years ago in the literature of the subject (see [16,17]). In an exactly similar manner, the proposed test will be mainly based
on the sample estimator of Song’s measure S(f ). Following ideas in Zografos [29], the sample version of S(f ) is obtained as
follows. Consider a random sample X1, . . . , Xn from a specific spherical distribution Sp(g), and let Ri = X ti Xi, i = 1, . . . , n.
Then Ri, i = 1, . . . , n, can be considered as a random sample from a density given by (2), which depends on the p.d.f.
generator of the parent spherical model, Sp(g). Based on (4), Song’s measure for the family of distributions Sp(g) is given
by S(f ) = Varg∗ (log (g(R))), where R is described by (2), while R1, . . . , Rn are realizations of R. It is clear that an empirical
estimator of S(f ) can be defined by means of the sample variance of the random variable log (g(R)), based on the sample
R1, . . . , Rn. Hence, an estimator of S(f ) is defined by
Sˆ(f ) = 1
n
n
i=1

log(g(Ri))− 1n
n
i=1
log(g(Ri))
2
. (5)
The statistic Sˆ(f )will be the main tool of the proposed statistical test, and obtaining its asymptotic distribution is certainly
the first step of this procedure.
Proposition 1. Let X be a p-dimensional spherically contoured distributed random vector with X d= R1/2U (p), where U (p) is a
random vector which is uniformly distributed on the unit hypersphere and R1/2 is a positive random variable independent of U (p),
with R = X tX. Consider the random variable Y d= log (g(R)), where g is the p.d.f. generator of X. Then, on the basis of a sample
X1, X2, . . . , Xn such that Xi ∼ Sp(g), i = 1, . . . , n, the statistic Zn = √n

Sˆ(f )− S(f )

converges, as n −→∞, in distribution
to the normal distribution N

0, σ 21

, where
σ 21 = 8(EY )2EY 2 − (EY 2)2 + EY 4 − 4(EY )4 − 4EYEY 3, (6)
provided that Var Y = σ 2Y and E(Y k), for k = 1, . . . , 4, are finite.
Aproof of this proposition is given in the Appendix. The asymptotic variance, given in (6), adjusts the similar one obtained
in [29]. An independent proof of the proposition can be obtained by applying asymptotic results for the samplemoments that
appeared in Chapter 28 of the classic book by Cramér [8]. It is clear that any attempt to use the above proposition presupposes
the existence of analytical expressions for Song’s measure S(f ) and the asymptotic variance σ 21 , given by (6). Analytic
expressions for S(f ) of the elliptic family of distributions and specific members of this family are available in Zografos [29].
In the next proposition, the detailed analytic formulas for the moments of the random variable Y of Proposition 1 are given,
for specific spherically symmetric distributions. The details of the derivation of the moments of the random variable Y are
given in the Appendix. Using the formulas of the moments of the random variable Y , analytical formulas for the variance σ 21
can be obtained.
Proposition 2. Let X be a p-dimensional spherically contoured distributed random vector with X d= R1/2U (p), where U (p) is a
random vector which is uniformly distributed on the unit hypersphere and R1/2 is a positive random variable independent of U (p),
with R = X tX. Consider the random variable Y d= log (g(R)), where g is the p.d.f. generator of X. Then the following hold.
(a) If X is spherically distributed according to a multivariate normal distribution, EY k = (−1)k Γ (p/2+k)
Γ (p/2) , for k = 1, 2, 3, 4.
(b) If X is spherically distributed according to a multivariate Pearson type II distribution, then EY k = mkE(log(1 − R))k, for
k = 1, 2, 3, 4, where E(log(1− R))k are given in Corollary 2 of the Appendix, with R ∼ B(p/2,m+ 1).
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(c) If X is spherically distributed according to a multivariate Pearson type VII distribution, then EY k = (−N)kE(log(1+ Z))k, for
k = 1, 2, 3, 4, where E(log(1 + Z))k are given in Corollary 3 of the Appendix, with Z distributed according to a univariate
Pearson type VI with parameters p/2 and N.
(d) If X is spherically distributed according to a multivariate t distribution with ν degrees of freedom, then EY k =
(− ν+p2 )kE(log(1 + Z))k, for k = 1, 2, 3, 4, where E(log(1 + Z))k = E(log(1 + R/ν))k are given in Corollary 4 of the
Appendix, with Z distributed according to (3).
(e) If X is spherically distributed according to a multivariate Kotz-type distribution, then Y = log g(R) = (m − 1) log R − rRs,
and formulas for EY k, for k = 1, 2, 3, 4, are given in Corollary 5 of the Appendix.
The results of Propositions 1 and 2 can be used to construct a necessary test for testing the hypothesis that a sample of
size n, X1, . . . , Xn comes from a specific spherical distribution Sp(g), that is, the null hypothesis
H0: X1, . . . , Xn are distributed according to a specific spherical distribution,
Sp(g), with given p.d.f. generator g, (7)
against the alternative hypothesis
H1: X1, . . . , Xn are not distributed according to the specific Sp(g),
but according to any alternative distribution. (8)
Therefore, the null hypothesis states that the data set comes from a specific spherical distribution whereas the alternative
hypothesis states that the data set does not come from this specific spherical distribution but fromany distribution, spherical
or not.
Based on Proposition 1, if the null hypothesis H0 is true, then it is also true that the statistic Z∗n = Zn/σ1, with
Zn = √n

Sˆ(f )− S(f )

, is asymptotically normally distributed, N(0, 1), as n −→ ∞, and the analytic form of Song’s
measure S(f ) has been derived in [29] for the main members of the elliptic family. Large or small values of Z∗n indicate
a significant difference between the empirical form of Song’s measure and the respective theoretical one S(f ), which is
determined by the null hypothesis H0, given by (7). Hence, in view of Proposition 1, H0 should be rejected, at a level α, if
|Z∗n | ≥ zα/2, with zα/2 = Φ−1

1− α2

and Φ−1 (·) the quantile function of the standard normal distribution function. The
p-value of this test is p = P |Z∗n | ≥ |Z∗obs| = 2 1− Φ(|Z∗obs)|, where Z∗obs is the observed value of the test statistic Z∗n . In
contrast to large absolute values of Z∗n , values of this statistic close to zero mean that the empirical form of Song’s measure
is close to the respective theoretical one, which has been determined subject to H0. This does not necessarily mean that
the null hypothesis H0 is true, because there may be another distribution with the same theoretic Song’s measure S(f ).
In this sense, smaller (e.g. less than 5%) p-values of the tests indicate evidence of a departure from the specific spherical
distribution, while larger p-values imply insufficient information to draw a statistical conclusion on the null hypothesis
from the sampled data, which is exactly the meaning of a necessary test, as introduced in [22, p. 680]. The above test is
based on the characterization of the spherically symmetric distributions introduced in Proposition 1. That is, if Xi ∼ Sp(g),
i = 1, . . . , n, then Zn = √n

Sˆ(f )− S(f )

converges in distribution, as n →∞, to a specific normal distribution. This is, in
essence, a necessary condition for a spherical distribution, and therefore the procedure proposed in this paper, by means of
this necessary condition, is a necessary test in the sense of Fang and Liang [11]. Moreover, the proposed test is conceptually
different from that of Liang et al. [22]. The proposed test helps to decide departure from a specific spherical model, while
the test by Liang et al. [22] helps to decide departure from the whole family of spherically symmetric distributions. They
should be used complementarily; in particular, the proposed test should be used if the hypothesis of spherical symmetry is
not rejected, by using a test of spherical symmetry.
Remark 2. The above-described test can also be used in order to test if a data set Y1, . . . , Yn comes from an elliptic
distribution ECp(µ,Σ, g) with specific p.d.f. generator g and known or unknown parameters µ and Σ , with Σ > 0. In
this case we proceed as follows, depending on whether the parameters are known or unknown.
(a) Following [24, p. 99], ifµ andΣ are known, then the test which is proposed in this section can also be used for the data
Xi = Σ−1/2(Yi − µ), i = 1, . . . , n. The test statistic is Z∗n = Zn/σ1, with Zn and σ1 defined in Proposition 1.
(b) If the parameters µ and Σ are unknown, then the respective bibliography can be followed (see, for instance, [11],
[18, p. 257], [22, p. 695], and the recent book by McNeil et al. [24, p. 99]). Based again on McNeil et al. [24], replacing
the unknown parameters µ and Σ by their estimates µˆ and Σˆ , we consider whether the data Xi = Σˆ−1/2(Yi − µˆ),
i = 1, . . . , n, depart from the specific spherical distribution Sp(g), while ignoring the effect of the estimation. Of course,
the performance of the test is not so good, as is expected, in this case.
There are several simulations, available on request from the authors, that indicate good performance of the size and the
power of the test in the case of known parameters µ and Σ . Unfortunately, the same is not true if the parameters µ and
Σ are unknown. This is expected because, in this case, the observations Xi = Σˆ−1/2(Yi − µˆ), i = 1, . . . , n, are no longer
independent, and their distribution is different from the properly standardized version Σ−1/2(Yi − µ), i = 1, . . . , n. This
point has been clearly stated in the papers by Fang and Liang [11] and Liang et al. [22]. Hence, it seems that more work
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Table 3
Monte Carlo percentiles of Z∗n for testing the fit of specific spherical
distributions. Each row is calculated by using 10.000 samples from the
specified five-dimensional distribution.
Distribution n 90% 92.5% 95% 97.5% 99%
Normal
20 1.1157 1.3681 1.6715 2.2692 3.0053
50 1.2589 1.4712 1.7308 2.2446 2.8990
100 1.2652 1.4827 1.7443 2.2567 2.8027
200 1.2996 1.5020 1.7667 2.1364 2.6469
t with 5 d.f.s
20 1.1542 1.3873 1.7308 2.3202 3.1792
50 1.2736 1.4920 1.7877 2.2731 3.0569
100 1.2571 1.4469 1.7447 2.2436 2.8058
200 1.2677 1.4812 1.7592 2.1252 2.6398
Pearson VII
20 1.1775 1.3966 1.7788 2.3873 3.1794
50 1.2138 1.4599 1.7755 2.3009 2.9641
100 1.2617 1.4562 1.7288 2.1809 2.6911
200 1.2614 1.4573 1.7232 2.1405 2.7570
Pearson II
20 1.1306 1.3622 1.7181 2.3449 3.1435
50 1.1919 1.3961 1.6980 2.1739 2.8185
100 1.2771 1.4789 1.7471 2.2397 2.7906
200 1.2664 1.4683 1.7073 2.1194 2.6649
Kotz
20 1.1284 1.3617 1.7069 2.3311 3.0097
50 1.2351 1.4472 1.7316 2.2211 2.8434
100 1.2657 1.4668 1.7095 2.1510 2.7172
200 1.2498 1.4394 1.6949 2.1008 2.5965
Theoretical – 1.2816 1.4395 1.6449 1.9600 2.3263
is in order for the case of unknown location and scale parameters. This is in agreement with the conclusion by Fang and
Liang [11], where they discuss the conceptually different test of elliptical symmetry. They state that ‘‘Except for using the
transformed sample Yi’s (Xi’s in our notation) to test for spherical symmetry, no bettermethods have been proposed hitherto.
More efficient methods for testing both spherical and elliptical symmetry are needed’’.
4. Simulation studies
In this section, the convergence is evaluated under the null hypothesis of the proposed statistic to its limiting distribution.
In this context, a simulation analysis is carried out to analyze the behavior of the percentiles of the proposed statistic in
some special cases of spherical distributions. Moreover, in a similar manner to [22], we carry out a Monte Carlo study on the
performance of Sˆ(f ) for testing that a data set is sampled from a specific spherical distribution. The type I error rate as well
as the power of the test will be studied. We note that the percentiles of the limiting distribution are used for the calculation
of the type I error rates and the empirical power. However, the critical values can be also exploited by using the procedure
described in the next subsection.
4.1. Simulation analysis of the behavior of Sˆf
The aim of this section is the evaluation of the convergence of Sˆf to its limiting distribution of Proposition 1, subject to
the assumption that the data come from a specific spherical distribution. Following [1], a simulation study is performed to
analyze the convergence of the percentiles of Z∗n = Zn/σ1 =
√
n

Sˆ(f )− S(f )

/σ1 to the respective ones of the standard
normal distribution N(0, 1). Some results are presented in this direction for the following distributions, within the family
of spherical distributions:
(a) the standard normal distribution,
(b) the Pearson type II distribution, withm = 3/2,
(c) the Pearson type VII distribution, with N = 10,
(d) the multivariate t-distribution with ν = 5 degrees of freedom (d.f.s),
(e) the Kotz-type distribution withm = 2, r = 1 and s = 0.5.
For each of the above distributions, for dimensions p = 5 and p = 10, and sample sizes n = 20, 50, 100, 200, a total of
l = 10.000 samples were produced. For each sample data set, Z∗n was computed, and from the l values of Z∗n the Monte Carlo
percentiles were obtained and compared with the theoretical limiting percentiles. The results are displayed in Tables 3 and
4, where, in the last row, labeled ‘‘Theoretical’’, the corresponding percentiles for the asymptotic N(0, 1) distribution are
given. From these results we can appreciate the moderate convergence of the percentiles to their limiting values for all the
distributions considered.
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Table 4
Monte Carlo percentiles of Z∗n for testing the fit of specific spherical
distributions. Each row is calculated by using 10.000 samples from the
specified ten-dimensional distribution.
Distribution n 90% 92.5% 95% 97.5% 99%
Normal
20 1.1186 1.3227 1.6301 2.1220 2.7691
50 1.2399 1.4166 1.6992 2.1693 2.7632
100 1.2470 1.4431 1.6958 2.1116 2.6826
200 1.2453 1.4206 1.6507 2.0424 2.5112
t with 5 d.f.s
20 1.1020 1.3427 1.6903 2.2651 2.9092
50 1.2236 1.4634 1.7697 2.2257 2.9066
100 1.2252 1.3923 1.6874 2.1279 2.6537
200 1.2639 1.4391 1.6654 2.0868 2.5937
Pearson VII
20 1.1340 1.3913 1.7312 2.2948 3.1719
50 1.1864 1.4104 1.7061 2.1775 2.7405
100 1.2548 1.4515 1.6889 2.1122 2.5869
200 1.2687 1.4715 1.6998 2.0460 2.6041
Pearson II
20 1.1235 1.3634 1.7181 2.2986 3.1385
50 1.2130 1.4191 1.7092 2.1824 2.8517
100 1.2725 1.4867 1.7790 2.1955 2.7829
200 1.2851 1.4758 1.7491 2.1221 2.5697
Kotz
20 1.1277 1.3480 1.6539 2.1382 2.7634
50 1.1959 1.4211 1.7174 2.1520 2.6856
100 1.2276 1.4152 1.6688 2.0851 2.5603
200 1.2672 1.4419 1.6717 2.0610 2.5136
Theoretical – 1.2816 1.4395 1.6449 1.9600 2.3263
Table 5
Type I error rates of Z∗n for testing the fit of specific spherical
distributions. Case with p = 5, α = 0.05, 0.01 and l = 2.000
replications.
n Normal t5 Pearson VII Pearson II Kotz
25 0.0410 0.0370* 0.0380 0.0385 0.0390
50 0.0440 0.0405 0.0405 0.0400 0.0375*
100 0.0500 0.0410 0.0450 0.0380 0.0445
200 0.0385 0.0405 0.0395 0.0425 0.0465
25 0.0155 0.0135 0.0135 0.0130 0.0130
50 0.0120 0.0130 0.0140 0.0140 0.0115
100 0.0140 0.0125 0.0140 0.0115 0.0100
200 0.0115 0.0105 0.0095 0.0110 0.0105
* Indicates that the simulated level is significantly different from α.
4.2. Monte Carlo study on type I error rates
The type I error rate is an essential characteristic of the performance of a test statistic. In this context, we present, in this
subsection, the results of a non-exhaustive Monte Carlo study on the type I error rates for the p-dimensional, p = 5, 10,
spherical distributions considered in the previous subsection.
The simulated results for the type I error rates are presented in Tables 5 and 6 for p = 5 and p = 10, respectively, with
the significance level α = 0.05, 0.01 and l = 2.000 replications.
Since these type I error rates were estimated using Monte Carlo simulations, they are not free of error. So, in order to
decide if the test is accurate or not, in a similar manner to [7], we apply the exact binomial test for the null hypothesis
H0:α = 0.05(0.01) versus the alternative H1:α ≠ 0.05(0.01), with significance level of 0.01. In this frame, if the simulated
(observed) type I error rates were not significantly different from α, the test would be considered accurate. Otherwise,
the test would be considered conservative or liberal. In Tables 5 and 6, we indicate with ∗ the type I error rates that are
significantly different from the nominal level α.
From Tables 5 and 6, we see that the proposed test has type I error rates that, in most cases, are not significantly different
from the nominal rate. Thus in most cases the test is considered to be accurate; however, sometimes it is considered to
be conservative. However, statistical significant liberal performance was not observed in any of the cases presented here.
Moreover, the dimension of the distribution does not seem to significantly affect the type I error rates, which is a good
indication.
98 A. Batsidis, K. Zografos / Journal of Multivariate Analysis 113 (2013) 91–105
Table 6
Type I error rates of Z∗n for testing the fit of specific spherical
distributions. Case with p = 10, α = 0.05, 0.01 and l = 2.000
replications.
n Normal t5 Pearson VII Pearson II Kotz
25 0.0350* 0.0350* 0.0355* 0.0365* 0.0375*
50 0.0465 0.0470 0.0440 0.0380 0.0355*
100 0.0435 0.0480 0.0455 0.0490 0.0435
200 0.0445 0.0455 0.0450 0.0460 0.0425
25 0.0135 0.0120 0.0105 0.0135 0.0125
50 0.0120 0.0110 0.0110 0.0105 0.0120
100 0.0130 0.0085 0.0120 0.0120 0.0125
200 0.0125 0.0095 0.0105 0.0100 0.0115
* Indicates that the simulated level is significantly different from α.
Table 7
Power of Z∗n for testing departures from several specific
spherical distributions. Case with p = 5, α = 0.05, and
l = 2.000 replications.
Departures from Data sampled from n Power
Np t5 50 0.9945
t5 Np 50 0.9070
t5 Kz 50 0.5345
100 0.8540
200 0.9935
Pearson VII Pearson II 50 0.1585
100 0.8940
Kz t5 50 0.9805
100 0.9930
200 0.9985
Pearson II Np 50 0.9975
Pearson II Pearson VII 50 0.8380
100 0.9970
200 0.9975
Pearson II Kz 50 0.9540
4.3. Monte Carlo study on power
Our primary purpose in this section is simply to demonstrate that the proposed statistic would be a useful additionwhen
the hypothesis of spherical symmetry cannot be rejected in order to detect departures from specific spherical symmetric
distributions, even when the data are sampled from another spherical symmetric distribution. In this context, the empirical
power of the test statistic Z∗n for testing departures of the data from the normal, multivariate t , and Kotz distributions, as
well as Pearson type VII and type II distributions, is evaluated. For instance, in order to evaluate the power of the proposed
test as a necessary test of detecting departures from multivariate normality, we apply the test statistic for this special
spherical symmetric distribution to l = 2.000 samples of size n (n = 50, 100, 200) simulated from the rest of the above-
mentioned spherical distributions, and the proportions of rejections were recorded as the estimated (empirical) power.
Hence the performance of the test as a necessary test of fit of multivariate normality is evaluated by using data sampled
from distributions within the family of spherical symmetric distributions, which do not deviate at all from symmetry.
In what follows, the power was obtained by calculating the proportion of times, in l = 2.000 Monte Carlo simulations,
that the (false) null hypothesis was rejected, considering the specified significance level. In Tables 7 and 8, we only present
the simulated results for cases with power less than 1. From Tables 7 and 8, we conclude that inmost of the cases considered
here the powers of the test are very good. However, there are some cases (t with 5 d.f.s versus normal for α = 0.01, and
Pearson type VII versus Pearson type II, for α = 0.01, 0.05) that the performance, in particular for n = 50, is very poor, since
the estimates of the power were low. At this point, we have to note that this result was expected beforehand because of the
asymptotic nature of the test proposed and the fact that, as Zografos [29] concluded, Song’s measure mainly describes the
movement of the probability mass from the shoulder into the tails and not into the center of the probability. Moreover, for
sample sizes n greater than 50, we observe that the empirical power estimates are almost always close for α = 0.01 and
α = 0.05. However, for n = 50, there are some cases for which the empirical power estimate for α = 0.05 is significantly
greater than the similar one for α = 0.01, which is hardly surprising. However, this behavior disappears when the sample
sizes gets larger or the significance level gets near to α = 0.05. From the results here, it seems that there is a significant
increase in the power when the sample size increases, indicating the ability of the statistic to improve its performance with
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Table 8
Power of Z∗n for testing departures from several specific
spherical distributions. Case with p = 5, α = 0.01, and
l = 2.000 replications.
Departures from Data sampled from n Power
Np t5 50 0.9930
t5 Np 50 0.0205
100 0.9930
t5 Kz 50 0.2985
100 0.6705
200 0.9670
Pearson VII Pearson II 50 0.0005
100 0.2075
200 0.9935
Kz t5 50 0.9420
100 0.9865
200 0.9975
Pearson II Np 50 0.9950
Pearson II Pearson VII 50 0.7740
100 0.9540
200 0.9935
Pearson II Kz 50 0.8750
100 0.9945
sample size. Finally, we note that the proposed test has an excellent power as a specialized test of multivariate normality
against the alternatives considered here, which belong to the family of spherical distributions.
5. Numerical example
In this section, we illustrate the method developed in this paper by using a well-known data set. We consider the health
survey of paint sprayers in a car assembly plant presented by Royston [25]. This set of data has previously been used for
testing for elliptical symmetry, among others by Schott [27], by using covariance-matrix-based analysis. In this data set there
are 103 six-dimensional observations, related to the following variables: hemoglobin concentration, packed cell volume,
white blood cell count, lymphocyte count, neutrophil count, and serum lead concentration. The last four variables were
logarithmically transformed before proceeding to the analysis.
Let Y1, . . . , Y103 denote the six-dimensional sample. In order to illustrate the method proposed in this paper, we
will test if the data set Y1, . . . , Y103 comes from specific elliptical distributions, such as the multivariate normal and tν-
distribution, with unknown location and scale parameters,µ andΣ , respectively. In order to proceed, we take into account
the discussion of Remark 2 at the end of Section 3, using as estimators of µ and Σ the quantities Y¯ = 1103
103
i=1 Yi =
(15.1680, 45.2524, 8.5627, 3.0908, 3.1886, 2.9723)t , and
S = 1
103
103
i=1
(Yi − Y¯ )(Yi − Y¯ )t
=

0.8158 1.8702 0.0149 0.0316 −0.0138 0.0082
1.8702 7.0819 0.0725 0.1841 −0.0677 0.0613
0.0149 0.0725 0.0556 0.0736 0.0336 0.0001
0.0316 0.1841 0.0736 0.1591 0.0005 0.0066
−0.0138 −0.0677 0.0336 0.0005 0.0672 −0.0025
0.0082 0.0613 0.0001 0.0066 −0.0025 0.0343
 ,
respectively. Straightforward calculation for testing multivariate normality yields Sˆ(f ) = 4.7243 with Z∗obs = 2.9166 and
p-value = 2 (1− Φ(|2.9166|)) = 0.0035. Hence the hypothesis that the sample Y1, . . . , Y103 comes from a multivariate
normal distribution is rejected. Schott [27] also concluded that ‘‘clearly the data are not coming from a multivariate normal
population’’ since the p-value of the test is approximately equal to 0. Moreover, Schott [27] proceeded to the test of elliptical
symmetry and concluded that ‘‘it does not seem to be unreasonable to assume that we have sampled from an elliptical
distribution’’, since the p-value of the test is 0.11. Therefore, it would be a useful addition to test departures from specific
elliptic distributions.
Based on the procedure proposed, we can proceed to a necessary test of fit for specific elliptic distributions. In this frame,
the hypothesis of a multivariate t-distribution with ν degrees of freedom is examined. In what follows, we present the
results for ν = 6 and ν = 16 d.f.s, respectively. In the case of ν = 6 d.f.s, we have that Sˆ(f ) = 3.0830, Z∗obs = −2.9161
100 A. Batsidis, K. Zografos / Journal of Multivariate Analysis 113 (2013) 91–105
and p-value = 2 (1− Φ(| − 2.9161|)) = 0.0035, while for ν = 16 d.f.s we have that Sˆ(f ) = 3.4395, Z∗obs = −1.2652 and
p-value= 2 (1− Φ(| − 1.2652|)) = 0.2058. Therefore, the hypothesis of a multivariate t-distribution with ν = 6 degrees
of freedom is rejected, in contrast to the hypothesis of a multivariate t-distribution with ν = 16 degrees of freedom, which
cannot be rejected.
Based on the previous analysis, since the proposed test is a necessary test of fit, we conclude that the test indicates
evidence of a departure from multivariate normality as well as from a t population with ν = 6 degrees of freedom, while
it implies that there is insufficient information to draw a statistical conclusion that the observations are sampled from a
multivariate t population with ν = 16 degrees of freedom.
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Appendix
In this appendix, we provide the proof of Proposition 1 as well as details of the derivation of EY k, k = 1, 2, 3, 4, with
Y = log (g(R)), where R = X tX , with X ∼ ECp (µ,Σ, g).
Proof. Since Sˆ(f ) = 1n
n
i=1(log g(Ri))2 −
 1
n
n
i=1 log g(Ri)
2
, in a similar manner to [14], p. 46, we must first find the
asymptotic joint distribution of Syy = 1n
n
i=1(log g(Ri))2 = 1n
n
i=1 Y
2
i and Sy = 1n
n
i=1 log g(Ri) = 1n
n
i=1 Yi, with
Yi = log g(Ri). From the central limit theorem, since E(Sy) = µY and E(Syy) = µ2Y + σ 2Y , where µY = E log (g(R)) and
σ 2Y = Var log (g(R)), we have the following asymptotic result:
√
n

Sy − µY
Syy − σ 2Y − µ2Y

→ N2 (02,Σ1) , (9)
where 02 is the two-dimensional column vector with zero elements and
Σ1 =

Var log(g(R)) Cov

log(g(R)), (log g(R))2

Cov

log(g(R)), (log g(R))2

Var (log(g(R)))2

. (10)
Hence, in order to find the asymptotic distribution of Sˆ(f ) = Syy− Sy2, let h

Sy, Syy
 = Syy− S2y . Then, according to Cramér’s
theorem (see Theorem 7, p. 45, in [14]) we have that
√
n

Sˆ(f )− h µY , µ2Y + σ 2Y → N 0, σ 21  , (11)
where
σ 21 = h˙

µY , µ
2
Y + σ 2Y

Σ1h˙t

µY , µ
2
Y + σ 2Y

, (12)
with h˙ (x, y) =

∂
∂xh,
∂
∂yh

. Taking into account that h (a, b) = b − a2 and h˙ (a, b) = (−2a, 1), we have that
h

µY , µ
2
Y + σ 2Y
 = σ 2Y and h˙ µY , µ2Y + σ 2Y  = (−2µY , 1). Therefore, we have that
σ 21 = (−2µY , 1)Σ1(−2µY , 1)t ,
or, after some algebra,
σ 21 = 8(EY )2EY 2 − (EY 2)2 + EY 4 − 4(EY )4 − 4EYEY 3,
with Y = log g(R), which completes the proof of the proposition. 
In what follows, we denote by Ψ (·), Ψ ′(·), Ψ ′′(·), and Ψ ′′′(·) the functions defined by Ψ (z) = (d/dz) logΓ (z), Ψ ′(z) =
(d2/dz2) logΓ (z),Ψ ′′(z) = (d3/dz3) logΓ (z), andΨ ′′′(z) = (d4/dz4) logΓ (z), respectively, whileΓ (·) denotes the gamma
function Γ (z) = ∞0 tz−1e−tdt .
Corollary 1. If X is spherically distributed according to a multivariate normal distribution, we have that
EY k = (−1)kΓ (p/2+ k)
Γ (p/2)
, for k = 1, 2, 3, 4.
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Proof. If X is spherically distributed according to a multivariate normal distribution, then Y = log g(R) = − 12R, with R
distributed as χ2p . Hence, for k = 1, 2, 3, 4,we have that
EY k = (−1/2)k
 ∞
0
rkrp/2−1 exp(−r/2)
2p/2Γ (p/2)
dr
= (−1/2)k 2
kΓ (p/2+ k)
Γ (p/2)
= (−1)kΓ (p/2+ k)
Γ (p/2)
. 
Corollary 2. If X is spherically distributed according to amultivariate Pearson type II distribution, then EY k = mkE(log(1−R))k,
for k = 1, 2, 3, 4, where R is distributed as B  p2 ,m+ 1. Moreover, for l = m+ 1 and n = p/2,
E(log(1− R)) = Ψ (l)− Ψ (l+ p/2),
E(log(1− R))2 = (Ψ (l)− Ψ (l+ p/2))2 + Ψ ′(l)− Ψ ′(l+ p/2) ,
E(log(1− R))3 = 3 (Ψ (l)− Ψ (n+ l)) Ψ ′(l)− Ψ ′(n+ l)+ Ψ ′′(l)− Ψ ′′(n+ l)+ (Ψ (l)− Ψ (n+ l))3 ,
and
E(log(1− R))4 = 6(Ψ (l)− Ψ (n+ l))2 Ψ ′(l)− Ψ ′(n+ l)+ 3 Ψ ′(l)− Ψ ′(n+ l)2
+ 4(Ψ (l)− Ψ (n+ l)) Ψ ′′(l)− Ψ ′′(n+ l)+ Ψ ′′′(l)− Ψ ′′′(n+ l)+ (Ψ (l)− Ψ (n+ l))4.
Proof. When X is spherically distributed according to a multivariate Pearson type II distribution, then Y = log g(R) =
m log(1 − R). Hence, taking into account that in this case the distribution of R is B  p2 ,m+ 1, in order to obtain EY k, we
have to compute the following integral: 1
0
(log(1− z))kzp/2−1(1− z)m+1−1
B(p/2,m+ 1) dz.
In a similar manner to [29], if we differentiate the two sides of the equation, 1
0
zn−1(1− z)l−1dz = B(n, l),
with respect to l, taking into account that ∂
∂ lB(n, l) = B(n, l) (Ψ (l)− Ψ (n+ l)), we have that
A1 =
 1
0
zn−1(1− z)l−1 log(1− z)dz = B(n, l) (Ψ (l)− Ψ (n+ l)) . (13)
In a similar manner, by differentiating both sides of (13) with respect to l, we have that
A2 =
 1
0
zn−1(1− z)l−1(log(1− z))2dz
is computed by the following relation:
A2 = B(n, l)

(Ψ (l)− Ψ (n+ l))2 + Ψ ′(l)− Ψ ′(n+ l) . (14)
Using the previous relation, we obtain for the integral
A3 =
 1
0
zn−1(1− z)l−1(log(1− z))3dz,
the following relation:
A3
B(n, l)
= (Ψ (l)− Ψ (n+ l))3 + 3 (Ψ (l)− Ψ (n+ l)) Ψ ′(l)− Ψ ′(n+ l)+ Ψ ′′(l)− Ψ ′′(n+ l) . (15)
Finally, for the integral
A4 =
 1
0
zn−1(1− z)l−1(log(1− z))4dz,
we obtain the relation
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A4
B(n, l)
= (Ψ (l)− Ψ (n+ l))4 + 6(Ψ (l)− Ψ (n+ l))2 Ψ ′(l)− Ψ ′(n+ l)
+ 3 Ψ ′(l)− Ψ ′(n+ l)2 + 4(Ψ (l)− Ψ (n+ l)) Ψ ′′(l)− Ψ ′′(n+ l)+ Ψ ′′′(l)− Ψ ′′′(n+ l) . (16)
The desired results are obtained by using Eqs. (13)–(16) for l = m + 1 and n = p/2 and the fact that E (log(1− R))k =
Ak
B(p/2,m+1) , for k = 1, 2, 3, 4. 
Corollary 3. If X is spherically distributed according to amultivariate Pearson type VII distribution, then EY k = (−N)kE(log(1+
Z))k, with k = 1, 2, 3, 4, and Z = R is distributed according to the univariate Pearson type VI distribution given in Table 2.
Moreover, for m = p/2 and n = N − p/2, we have that
E(log(1+ Z)) = Ψ (m+ n)− Ψ (n), (17)
E(log(1+ Z))2 = (Ψ (m+ n)− Ψ (n))2 − (Ψ ′(m+ n)− Ψ ′(n)), (18)
E(log(1+ Z))3 = (Ψ (m+ n)− Ψ (n))3 + Ψ ′′(m+ n)− Ψ ′′(n)
− 3 (Ψ (m+ n)− Ψ (n)) Ψ ′(m+ n)− Ψ ′(n) , (19)
and
E(log(1+ Z))4 = (Ψ (m+ n)− Ψ (n))4 + 3 Ψ ′(m+ n)− Ψ ′(n)2
− 6 (Ψ (m+ n)− Ψ (n))2 Ψ ′(m+ n)− Ψ ′(n)
+ 4 (Ψ (m+ n)− Ψ (n)) Ψ ′′(m+ n)− Ψ ′′(n)− Ψ ′′′(m+ n)− Ψ ′′′(n) . (20)
Proof. If X is spherically distributed according to a multivariate Pearson type VII distribution, then Y = log g(R) =
−N log(1 + R) = −N log(1 + Z), with the random variable Z = R, distributed according to the univariate Pearson type VI
distribution given in Table 2. Hence, in order to obtain the EY k, we have to compute the following integrals:
E(log(1+ Z))k =
 ∞
0
zp/2−1(1+ z)−N(log(1+ z))k
B(p/2,N − p/2) dz.
In a similar manner to [29], we will use in the proof the following formula from [20, p. 66]:
B1 =
 ∞
0
zm−1(1+ z)−(m+n) log(1+ z)dz = B(m, n) (Ψ (m+ n)− Ψ (n)) . (21)
If we take derivatives of both sides of (21) with respect to n, after some elementary algebra, we obtain for the integral
B2 =
 ∞
0
zm−1(1+ z)−(m+n)(log(1+ z))2dz
the relation
B2 = B(m, n)

(Ψ (m+ n)− Ψ (n))2 − Ψ ′(m+ n)− Ψ ′(n) . (22)
In a similar manner, if
B3 =
 ∞
0
zm−1(1+ z)−(m+n)(log(1+ z))3dz,
we obtain the relation
B3
B(m, n)
= (Ψ (m+ n)− Ψ (n))3 + Ψ ′′(m+ n)− Ψ ′′(n)− 3 (Ψ (m+ n)− Ψ (n)) Ψ ′(m+ n)− Ψ ′(n) . (23)
Similarly, we have that if
B4 =
 ∞
0
zm−1(1+ z)−(m+n)(log(1+ z))4dz,
then
B4
B(m, n)
= (Ψ (m+ n)− Ψ (n))4 + 3 Ψ ′(m+ n)− Ψ ′(n)2 − 6 (Ψ (m+ n)− Ψ (n))2 Ψ ′(m+ n)− Ψ ′(n)
+ 4 (Ψ (m+ n)− Ψ (n)) Ψ ′′(m+ n)− Ψ ′′(n)− Ψ ′′′(m+ n)− Ψ ′′′(n) . (24)
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The desired results are obtained by using Eqs. (21)–(24) for m = p/2 and n = N − p/2 and the fact that E (log(1+ Z))k =
Bk
B(p/2, N−p/2) , for k = 1, 2, 3, 4. 
Corollary 4. If X is spherically distributed according to a multivariate t-distribution with ν degrees of freedom, then EY k =− ν+p2 k E (log(1+ Z))k, for k = 1, 2, 3, 4,where Z is distributed according to the univariate Pearson type VI distribution given
in (3). Moreover, E (log(1+ Z))k is given by (17)–(20), respectively, for k = 1, 2, 3, 4, when m = p/2 and n = ν/2.
Proof. This is a special case of Corollary 3 for N = ν+p2 . 
Before proceed to the next corollary, we give some useful relations. Some of themwere proved in [29], while the others are
obtained in a similar manner.
Lemma 1. If X is a p-dimensional random vector spherically distributed according to multivariate Kotz-type distribution, with
p.d.f. generator g (·) and normalizing constant Cp, we have that
E1 =
 ∞
0
wτ−1g(w)dw = Γ (τ )
π τC2τ
, (25)
E2 =
 ∞
0
wτ−1g(w) logwdw = E1

Ψ

m+ τ − 1
s

− log r
s

, (26)
E3 =
 ∞
0
wτ−1g(w)(logw)2dw
= E1

Ψ 2

m+ τ − 1
s

+ 1
s
Ψ ′

m+ τ − 1
s

+ E1

log r
s
2
− 2 log r
s
Ψ

m+ τ − 1
s

. (27)
E4 =
 ∞
0
wτ−1g(w)(logw)3dw
= E2

Ψ 2

m+ τ − 1
s

+ 1
s
Ψ ′

m+ τ − 1
s

+ E2 log rs

log r
s
− 2Ψ

m+ τ − 1
s

+ E1 2s

Ψ

m+ τ − 1
s

Ψ ′

m+ τ − 1
s

+ Ψ
′′ m+τ−1
s

2s

− E1 2 log rs2 Ψ
′

m+ τ − 1
s

, (28)
and
E5 =
 ∞
0
wτ−1g(w)(logw)4dw
= E3

Ψ 2

m+ τ − 1
s

− 1
s
Ψ ′

m+ τ − 1
s

+ E3 log rs

log r
s
− 2Ψ

m+ τ − 1
s

+ 2E2

2
s
Ψ

m+ τ − 1
s

Ψ ′

m+ τ − 1
s

+ Ψ
′′ m+τ−1
s

s2

− 2E2 2 log rs2 Ψ
′

m+ τ − 1
s

+ E1 2s2

Ψ ′

m+ τ − 1
s
2
+ Ψ

m+ τ − 1
s

Ψ ′

m+ τ − 1
s

+ E1

Ψ ′′′
m+τ−1
s

s3
− 2 log r
s3
Ψ ′′

m+ τ − 1
s

, (29)
with E1, E2, and E3 given in (25)–(27), respectively.
Corollary 5. If X is spherically distributed according to a multivariate Kotz-type distribution, with density given in Table 1, then
EY = (m− 1)

Ψ

2m+ p− 2
2s

− log r
s

− Γ ((2m+ p+ 2s− 2)/(2s))
Γ ((2m+ p− 2)/(2s)) ,
EY 2 = (m− 1)2

Ψ

2m+ p− 2
2s

− log r
s
2
+ (m− 1)
2
s
Ψ ′

2m+ p− 2
2s

− 2(m− 1)Γ ((2m+ p+ 2s− 2)/(2s))
Γ ((2m+ p− 2)/(2s))

Ψ

2m+ p− 2+ 2s
2s

− log r
s

+ Γ ((2m+ p+ 4s− 2)/(2s))
Γ ((2m+ p− 2)/(2s)) ,
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Γ (p/2)
πp/2Cp
EY 3 = −r3C1 + 3(m− 1)r2C2 − 3(m− 1)2rC3 + (m− 1)3C4,
with C1, C2, C3 and C4 given in (25)–(28), for τ = p/2+ 3s, p/2+ 2s, p/2+ s and p/2, respectively. Moreover,
Γ (p/2)
πp/2Cp
EY 4 = r4D1 − 4(m− 1)r3D2 + 6(m− 1)2r2D3 − 4(m− 1)3rD4 + (m− 1)4D5,
with D1, D2, D3, D4, and D5 given in (25)–(29), respectively, for τ = p/2+4s, p/2+3s, p/2+2s, p/2+ s, and p/2, respectively.
Proof. If X is spherically distributed according to amultivariate Kotz-type distribution, then Y = log g(R) = (m−1) log R−
rRs, where the density of the random variable R is the generalized gamma distribution, with density given in Table 2.
We have that
EY = (m− 1)E(log R)− rE(Rs)
= π
p/2Cp
Γ (p/2)

(m− 1)
 ∞
0
wp/2−1g(w) log(w)dw − r
 ∞
0
wp/2+s−1g(w)dw

.
Using relations (25) and (26) for τ = p/2+ s and τ = p/2, respectively, and the fact that
Γ (p/2+ s)Cp
Γ (p/2)Cp+2s
= π
sΓ ((2m+ p+ 2s− 2)/(2s))
rΓ ((2m+ p− 2)/(2s)) (30)
we obtain the desired relation. Moreover,
EY 2 = π
p/2Cp
Γ (p/2)
 ∞
0
wp/2−1g(w)(log g(w))2dw,
with g(·) the p.d.f. generator of the Kotz distribution. Using relations (25)–(27), for τ = p/2 + 2s, p/2 + s, and p/2,
respectively, relation (30), and the fact that
Γ (p/2+ 2s)Cp
Γ (p/2)Cp+4s
= π
2sΓ ((2m+ p+ 4s− 2)/(2s))
r2Γ ((2m+ p− 2)/(2s)) , (31)
we obtain the desired result.
Furthermore, taking into account the density of the random variable R given in Table 2 and that log g(w) = (m −
1) logw − rws, we have that
Γ (p/2)
πp/2Cp
EY 3 = −r3
 ∞
0
wp/2+3s−1g(w)dw + 3(m− 1)r2
 ∞
0
wp/2+2s−1g(w) logwdw
− 3(m− 1)2r
 ∞
0
wp/2+s−1g(w)(logw)2dw + (m− 1)3
 ∞
0
wp/2−1g(w)(logw)3dw.
Then the desired result is easily obtained by using (25)–(28), for τ = p/2+ 3s, p/2+ 2s, p/2+ s, and p/2, respectively, as
well as (30)–(31), and the fact that
CpΓ (p/2+ 3s)
Cp+6sΓ (p/2)
= π
3sΓ
 2m+p+6s−2
2s

r3Γ
 2m+p−2
2s
 . (32)
Furthermore, taking into account the density of the random variable R, given in Table 2, we have that
EY 4 = π
p/2Cp
Γ (p/2)
 ∞
0
wp/2−1g(w)(log g(w))4dw,
with g(·) the p.d.f. generator. Equivalently, taking into account that log g(w) = (m− 1) logw − rws, we have that
Γ (p/2)
πp/2Cp
EY 4 = r4
 ∞
0
wp/2+4s−1g(w)dw − 4(m− 1)r3
 ∞
0
wp/2+3s−1g(w) logwdw
+ 6(m− 1)2r2
 ∞
0
wp/2+2s−1g(w)(logw)2dw − 4(m− 1)3r
 ∞
0
wp/2+s−1g(w)(logw)3dw
+ (m− 1)4
 ∞
0
wp/2−1g(w)(logw)4dw.
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Then the desired result is easily obtained by using (25)–(29), for τ = p/2 + 4s, p/2 + 3s, p/2 + 2s, p/2 + s, and p/2,
respectively, as well as (30)–(32) and the fact that
CpΓ (p/2+ 4s)
Cp+8sΓ (p/2)
= π
4sΓ
 2m+p+8s−2
2s

r4Γ
 2m+p−2
2s
 .  (33)
Corollary 6. If X is spherically distributed according to a multivariate power exponential distribution, then the desired results
are obtained as a special case of Corollary 5 for m = 1 and r = 1/2.
Corollary 7. If X is spherically distributed according to the original Kotz [21] distribution, then the desired results are obtained
as a special case of Corollary 5 for s = 1.
Corollary 8. If X is spherically distributed according to a multivariate generalized Laplace distribution with parameter λ
(see [10]), then the desired results are obtained as a special case of Corollary 5 for s = λ/2, m = 1, and r = 1.
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